zf'(z)
for / G âlo one has (1) zf'(z)
-(l-|z|)log(l-|z|)' *GD' m where K is an absolute but unknown constant. The example k G 31$ with k(z) = -z -21og(l -z) shows that the bound in (1) is of the right order. In this note we obtain the sharp version of (1), including also the lower bound and prove that k is extremal in both cases. In fact, our theorem holds for the larger class M where the condition Re/'(z) > 0 is replaced by Ree1Q/'(z) > 0 in D for some a = a(f) G R.
THEOREM. For f G 3? and \z\ < r < 1 we have
Both sides of the estimate are sharp for k at z = -r and z = r, respectively.
Frequently relations like (2) indicate that there is a subordination lurking behind; in this case it could be (3) zf'(z)/M < zk'(z)/k(z).
This, however, is not true: using a recent result [3, Lemma 2] one can show that k is starlike univalent in D. Then (3) would imply that / is starlike univalent if / € 32. Since this is not the case we have a contradiction to (3) . The difference between 31 and 31$, as far as the theory for solving extremal problems of the type under consideration is concerned, is the known structure of possible extremal functions. According to [1] 
With this information the problem becomes manageable (not completely trivial, though). And we are lucky enough that the extremal function for 31 (namely k) lies in 31q, hence solving the problem for 3Üq as well. We shall require a lemma.
LEMMA. Let F(z) := 1 + z/log(l -z) and G(z) := (1 -F(z))/(1 -z). Then F and G have nonnegative Taylor coefficients about z = 0 and, in particular, for \z\ < r < 1, where a_i := 0. Comparing coefficients in (8) we obtain for n > 1, n (n -l)on = (n-2)a"_i + y ajan-j, 3=0 and since ao = -1 we may rewrite this as (9) 0 = -ao + 2aoai, n = 1, n-l (10) (n + l)an = (n-2)an-i + 2_^ajan-j, n > 1.
Relation (9) gives ax = 1/2 > 0 and an induction using (10) proves an > 0, n > 2.
The inequalities (5) follow. l-\F(z)\*
In the last step we used F'(z) = 67(z)(l -F(z)/z). As a consequence of the Lemma we deduce that the last expression is maximal for z = r and an evaluation in that point gives the right-hand side of (2) (that this is true for |z| < r as well is trivial).
ADDENDUM. After having completed this manuscript we became aware of the paper On functions whose derivative has positive real part by R. R. London (to appear), in which a slightly stronger version of the right-hand inequality in (2) has been established which, however, holds only for functions / G 3¡o'-\f'(z) 
